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'TRACT

In applications, Rosenbrock-type Runge-Kutta methods for stiff differe
.1 equations usually require one Jacobian matrix evaluation and one
rix factorization per integration step. The costs of these computations
ally form a large proportion of the total computation cost of one step.
s paper investigates the use of time-lagged Jacobian matrices with the
t of reducing the overhead costs. The idea is to integrate with a
ed Jacobian, computed at some previous step, and to maintain the order

consistency by updating the scalar integration parameters.
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INTRODUCTION

Let

.1) yl = f(y), Y(XO) = YO:

>resent the initial value problem for a stiff system of ordinary
‘ferential equations, written in autonomous form, of which the real vec-
o function f(y) is sufficiently differentiable. In this paper we are
icerned with the numerical integration of (1.1) by means of a Rosenbrock-
>e Runge-Kutta method. These particular Runge-Kutta methods are well-
>wn for the possibility to be A-stable and to be of high order. Since
: original paper of Rosenbrock [15], several schemes have been proposed
the literature. All these schemes require at least one evaluation of
r Jacobian matrix J(y) = 9f(y)/dy and one matrix factorization at each
‘egration step. Since the costs of these computations usually form a
‘ge proportion of the total computation costs of one step, an interestinc
'stion is whether the costs, or the number of J(y)-evaluations and
decompositions can be reduced without a serious loss of accuracy and
tbility. Bearing this question in mind Steihaug & Wolfbrandt [16]
restigated schemes based on non-exact Jacobians. The purpose of this
rer is to investigate the application of exact, but time-lagged Jacobian
‘rices. The idea is to integrate, for some finite number of steps, with
‘ixed Jacobian computed at some previous time step and to maintain the
ler of consistency by updating the scalar integration parameters.
‘ewith we thus avoid a decrease in the order of consistency of the
enbrock method, which usually occurs as soon as the J(y) —evaluation is
tted. From a theoretical point of view the use of time-lagged Jacobian
rices is justified by the fact that in the non-transient region many sti
tems almost behave linearly.
Some first theoretical results concerning Rosenbrock-type methods

time-lagged Jacobian matrices, have already been given in [17].
ouraging numerical results obtained with a particular multistep

enbrock method, have already been reported in [21].




A CLASS OF ROSENBROCK METHODS

A numerical solution of the following type is studied:

m
Yner = Yp * izlwiki(yn) * km+1(yn)'
_ i-1
k;(v)) = hsS(y )E(y_ + 'z yijkj(yn)), i=1(1)m, m > 1,
j=1 '
1)
_ m
km+1(yn) - S(yn) ,z Viki(yn)'
i=1
- - -1
S(yn) = (I—hBJ(yn))

coefficients wi, Yij' vi and B are real parameters, h denotes the
osize, and I the identity matrix. The vectors ki, i=1(1)m+1, are
outed by solving a linear system with m+l1 different right-hand sides.
vector §n is assumed to be an approximation to an exact solution
y(x) at some fixed point x = gn’ such that

- 2 3
2) yn = y(xn) + nhy'(xn) + &h y"(xn) + 0(h™).

reals n and & are thus prescribed parameters which vary with n.
the moment it is not necessary to make an actual choice for §n' In

lications, n and & are always of the form

1 1

, s - - LS 22 == - -
2') n = (xn xn)h +n, &= 1*z(xn Xn) h + n(xn xn)h + &,

re ﬁ and E are fixed and satisfy
2") y_ = y(x) 4 nhy'(x ) + Ehzy"(§ ) + 0(h).
n n n n

> that almost all Rosenbrock methods, as discussed in the literature,
applied with §n =Y - These methods thus require a J(y)-evaluation
step at the step point x = Xn' For methods where n = n # 0 and

g€ =0, see [18,20].

Because (2.1) requires m f(y)-evaluations per step, we call it an

:age method. If v, = 0 for all i and §n =Y, (2.1) is in fact an




iginal Rosenbrock formula |15] where the number of J(y)-evaluations

r step is limited to 1 (see also [1,2,4]). We added the vector km+1 in
der to obtain some more degrees of freedom in choosing the integration
rameters. Two-stage and three-stage formulas of a type very similar to

-1) have already been discussed in [17]. Papers which are concerned

th another modification of the original Rosenbrock method are, among

hers [8,9,10,14,22]. Finally we observe that in the literature Rosenbrock-
pe methods are also referred to as generalized Runge-Kutta methods

f£f. [6,7,9,20]).

Introduce the abbreviations

i-1
= = +
Yi ‘z Yij’ Bij Yij Baij' éij the Kronecker symbol,
j=1
.3)
= + > = + - > 5 .
Bi Y B, v, = vyt Yij 0 for j i

2 consistency conditions for order p=1 up to order p=4 can then be
itten as in table 2.1 (see e.g. [8,14,22] for a derivation of closely

lated conditions where n = £ = 0).

Table 2.1 Consistency conditions. Summation indices run from 1 to m.

1 Ty, =1 1. f
1
2 Z;‘Y + BZV =1.._B 2. ff]
ivi i 2 j
~ 2 1 j_ k
+ _ 1 3. £, ff
3 AN 2Bn2vi 3~ 2Bn ik
~ 2 1 ik
+ -1 4. £ £f
ZviBiij 28 Zvi + BZviYi 3 5%k
~ 3 2 1 2 j kL
- = _ 5. f. f
4 ZviYi + 38n Zvi 2 38n ikl
IV B. + BNIV.Y., + BnI + 6. £ £lekel
i¥iYi4Py F OBNIVyY, + Bnlviy, - Lt
2 1 2
(3B n + Bg)Zvi = g"—B n - BE
~ 2 ~ j k£
T 7. £ £ ,f F
viBinj + 2BnZviYi + i kL
2 2 1 2
4 hX + = — _
B n v BZviyi 5 2B .
~ 3 2 j k
+ 2 8. £.f £, f
ZViBiijkBk B v, + B Zviyi + 55te
1
8L - L
viBisBy = 22




To study the stability of (2.1) we use the scalar test-equation
4) y' = 68y, y(xo) =Yy § € C.

n applied to (2.4) scheme (2.1) yields Yo = R(z)yn, z = h§, where

stability function R is a rational function of the form
m+1l, if v #0,
I m

S .
5) R(z) = ) N.z7/(1-Bz2)%, s = . _
5=0 j lm, if vm—O.

has been proved (see [13]) that the order, say q, of this approximation
2% is always smaller than or equal to s+l1. Further, if q =2 s, the
fficients Nj are determined by B (cf. [12], Proposition 6). We then
e

s . J i

S -

6) R(z) = ()20 ) () %)/(1—52)5.

j=0 i=0 Jos
s, 1f p=q and s £ g < s+1, the linear stability of (2.1) is completely
ermined by B. Ranges of B which produce A-stable methods have, for
s £ 6 and under the condition that s < g < s+1, been given in [3]

e also [10,221]).

ARK 2.1. For a discussion on S-stability [11] of generalized Runge-
ta methods, see [20]. Using the results of [20] it is immediate that
1) is S-stable if R is strongly A-acceptable. In the present paper we

refore prefer to use the simple test equation (2.4) [J

ARK 2.2, In the non-transient region many stiff systems almost behave
early. In such a situation it is expected that, with respect to

uracy as well as stability, we can fix the Jacobian matrix during a
rly large number of integration steps. Consequently, when solving
order conditions, we have to take into account large negative values
n and large positive values for & (see (2.2')). Hence, it is of
ortance to find integration parameters which are bounded functions of
nd £ (n and & restricted to the domain of definition (2.2')). Else

have to reckon with inaccuracies, and probably instabilities, which




n easily annul the expected advantage of using a time-lagged Jacobian
trix. To support this view, consider the internal stability functions
f. [20])

gD (1)

(z) =1, R (z) = ¥ w. P23 111

’

.6") i=2(1)m.

J
[20] it was observed that, for highly non-linear problems, it pays
require properties like A-acceptability for these internal stability

nctions. Now suppose that the integration parameters are not bounded

th respect to n and £. The coefficients N;i) in (2.6') then may

come very large. This means that we have to reckon with large internal

plification factors which grow with n and £. Even in case of weak

n-linearities, such a behaviour cannot be recommended. Therefore, in

e following, much attention is paid to finding bounded parameter

lutions [
METHODS OF ORDER p = 3
In the present section we shall concentrate on 2-stage methods of

der p=3 (p=3 cannot be obtained if m=1). For m=2 the third order

nsistency conditions can be simplified to

1) v1 + v2 =1,

2) VoY, +B(v.tv.) =~ -8

: VoYo VitV T3 ’

3) Sov.? 4 2n(v.tv.) = £ 28

. V2Y2 n v1 v2 = 3 N,
1 2

.4) Bv B + B-.

22 5%~

lecessary condition for the existence of bounded parameters is that

+ vy > -1 if n > -«. This means that the original Rosenbrock

cmulas [15] cannot be adapted to time-lagged Jacobians if we also want
fulfil the requirement of boundedness.

The solution of equations (3.1) - (3.4), where B and Y, are still




e parameters, is given by

2
v =(é——8+8 )/BYZ, \

1 1
, = -v,*(3-26n- (E-B)Yz)/(ZBn—BYz),

1
5)

v, =( —8(1+v1+v2))/Y2, v,=1-v_, B, Y, # 0, Y, # 2n.

1 2

N =

stitution of some bounded function y2=Y2(n), leads to a set of

2
nded integration parameters. If we substitute Y2 = 3 we obtain,

ewhat surprisingly, parameters which are independent of n.
If v2#0, the stability function of a 2-stage method of order 3 i
en by (see (2.6))

3

2
1+(1—3B)z+(% —3B-+382)22+(é“~58-¥36 —53)23-

6) R(z) =
(1—Bz)3

s rational function is A-acceptable for all R € [%71.06858] and ca
nade L-acceptable by requiring 83—382+ %B-—%
2) . The internal stability function R(2) reads

= 0 (see [3], table 1

1+(y,-B) z
7) R(2)(Z) = 2 .

1-Bz
s function is A-acceptable if Y, € fo,281].
In section 5 we shall present numerical results of the scheme

ined by the parameter solution (3.5), where
2
3) Y2 =3 B = 0.4358665216.

ition (3.8) yields parameters independent of n. Further, the resul
me is L-stable and its internal stability function R(2) is strong
cceptable. A third order scheme which is closely related to the

ame presented here, has been given in [17].
IETHODS OF ORDER p = 4

To begin with we prove the following theorem:




EOREM 4.1. Let in (2.1) the order p > 4. A necessary condition for
undedness of the integration parameters with respect to n and £ is
1

en B = 5 -

OOF. Consider equation 7 in table 2.1. By making use of equations
d 3 of the same table, equation 7 can be rewritten as
- + = —-=B+ (28" - .
Zvisijvj szviyi BZviYi 5 -38+ (287 -8)n
n does not appear in the left-hand side, n has to vanish in the

ght-hand side in order to obtain bounded parameters []

is theorem has two consequences. The first is that the order q of
ability function is always smaller than or equal to the degree s o
s denominator. The second is that, to a certain extent, the bounde
quirement is the determining factor for the A-stability of methods
der p = 4.

Let us proceed with the construction of a 3-stage, 4-th order m
then have g = s = 4, while B = %~lies in the A-acceptability rang
£.[3], table 1). For m = 3 and B = l-the consistency conditions ca

2
mplified to

3[\'
.1) Yy v, =1,

i=1 *t

3 , 3
.2) Y ov.y. + > Yy v, =0,

i=1 ** i=1 *
3) § T2 § v, =+ -
. . i3 n. i 3 n.

i=1 i=1

3

1 ~ 1
. = + - =
4) 2,z ViYi T V3Y357pg 12

i=1
S 1eaeda? fu -l
) . in 2 n . i 4 2 n s

i=1 i=1

3 3

1 1 ~ 11 1
. = = + = - =—-=£ + =7,
6) 2 " ,z viYi T3 g.Z Vi T V3Y3Y35Y, 22 T2 &* g

i=1 i=1
3

1 ~ 1

-7 5"2 Vi¥i ¥ V3Y¥3pYy = T 1o
i=1

.8) L




have 9 unknowns and 8 conditions. By a tedious calculation, which
erwise elementary and thus not reproduced here, it can be shown tt
any solution of (4.1) - (4.8), the parameters y2 and Y3 have to

isfy the relation

2 1 2

1 5 1 1 2.1
—gn)+'@(—gE-T5n +Zn+T5)+Y2§f+

1

1 1
Y3[(§€-gn il

9)

Le L2103 (7 113213, :
2578 TN I Im et oyt oy n g n )ty

2.1 1 1

23813 gn
. . . 1 2

ever using the asymptotic relation & ~ Eﬂw , as n > -, we must

clude from (4.9) that equations (4.1) - (4.8) do not possess a

ution which is bounded with respect to n and §. In the foregoing

thus proved the following negative result:

OREM 4.2. Any 3-stage, 4-th order method belonging to class (2.1)
sesses integration parameters which are unbounded with respect to

nd £ [

No attempt has been made to construct 4-th order methods from cl
1) where the number of stages is larger than 3. Because in our opi
one succeeds in finding bounded integration parameters for m > 3,
doubtful whether such a method will be significantly more efficien
n the 2-stage, 3-rd order schemes (3.5). Of course, it remains of
erest to think about other types of Rosenbrock methods than class
1). In this respect it is of importance to remark that the 3-stage

h order scheme developed in [17] also possesses unbounded paramete
SOME NUMERICAL EXAMPLES

To get insight into the practical use of time-lagged Jacobian
rices for Rosenbrock-type integration methods, we applied the thir
er method defined by (3.5), (3.8) to problem class D of the test

given by Enright, Hull & Lindberg [5]. Altogether 72 integrations
n carried out, each integration with a prescribed step size sequen

} defined by




hmax/zN, n= 0,
N+1-
5.1) ho=h 2N L0, N,
n max
h r N =N+1, N+2,...,
max

1ere hmax is a constant which may differ per integration. Thus apart
rom the initial phase, all integrations have been performed with a
mstant stepsize hmax' Note that we used N+1 steps for the initial

0
To get insight into the behaviour of the integration formula when

iterval [x ,xO + hmax]. The integer N will be specified at the examples.

sing a time-lagged Jacobian, we added to each step size sequence {hn}
parameter STEPS. This parameter defines the number of integration steps
.th constant step size h = hmax per Jacobian evaluation. During the
iitial phase, i.e. n < N, the Jacobian was always evaluated. All
raluations of J(y) were performed at step points (ﬁ =t = 0, see (2.2M)).

In the tables of results we give SD = - 10log (maximum error of
le solution components at the end of the given interval), FEV = the
mber of f(y)-evaluations, and JEV = the number of J(y)-evaluations.
'te that if STEPS = 1, the number of Jacobian evaluations is equal to
e number of integration steps. All computations were performed on a
IC Cyber 73/28 computer which has an arithmetic precision of

proximately 14 decimals.

oblem DI1: N = 10

- - = =

y] = 0.2(y,7y,), y, (0) =0, y, (400) = 22.242211,
' —4 — — —3 —4

y, = 10y, (60 y3/8)y2 + y3/8, v, (0) 0, y,(400) 27.110701,
' — - —

vy =1, v5(0) =0, v, (400) = 400.

STEPS 1 5 10 20

h FEV SD JEV SD JEV SD JEV SD JEV

max

0.5 |1620 3.88 810 2.45 171 2.12 91 2.01 51
1.0 820 3.40 410 1.75 91 1.56 51 1.46 31
2.0 420 2.78 210 1.26 51 1.14 31 0.58 21




= =0.04y, + 0.0ly,y,, y,(0) =1, y, (40) = 0.7158271,
= 400y, - 100y,y, - 3000y§, v,(0) =0, y,(40) = 0.09186,

: 30y§, y3(0) = 0, y,(40) = 28.41637.
STEPS 1 5 10 20

- FEV SD JEV SD JEV SD JEV SD JEV

!5 340 4.82 170 3.44 43 2.80 27 2.16 19
) 180 4.10 90 2.59 27 1.94 19 1.26 15
) 100 3.31 50 1.79 19 1.11 15 0.27 13

f Y3~ 100y1y2, y1(0)=1,y1(20)=0.639760447,

- 2 — — -
t ¥y + 2y, - 100y,y, - 20000y,, y,(0)=1,y,(20)=0.5630850708, ,~2,

P -yy + 100y,v,, ¥4 (0)=0,y,(20)=0.3602395553,
FTY, 10000y§, ¥,(0)=0,y,(20)=0.3170647970.
STEPS 1 5 10 20
FEV SD JEV SD JEV SD JEV SD JEV

120 >10.0 60 >10.0 29 >10.0 25 >10.0 23
80 >10.0 40 >10.0 25 >10.0 23 >10.0 22
60 >10.0 30 >10.0 23 >10.0 22 >10.0 22




‘oblem D4: N = 10

| - = —- I
yj = -0.013y, - 1000y,v,, v, (0)=1,y, (50)=-0.189338654 =
v < ~2500y,,y 5. ¥,(0)=1,y,(50)=0.597654698,
' = - - - = =
v} 0.013y, - 1000y,y, - 2500y,y,, v,(0)=0,y,(50)=1.402343409.
STEPS 1 5 10 20
h FEV SD JEV SD JEV SD JEV SD JEV
max
0.25 | 420 | >8.0 | 210 | »8.0 51 7.53 31 | 6.89 21
0.5 220 | >8.0 ! 110 7.23 31 6.60 21 | 5.97 16
1.0 120 | >8.0 60 6.32 21 5.68 16 | 5.05 14
oblem D5: N = 10
yj = 0.01 - [1+(y;+1000) (y,+1) I*
(0.014y +y,), y, (0)=0,y, (100)= -0.99164207,
1 — 2 — —
yy = 0.01 = (1+y}) (0.014y,+v,), ¥,(0)=0,y,(100)= 0.98333636.
STEPS 1 5 10 20
h FEV SD JEV SD JEV SD JEV SD JEV
max

0.25 820 5.76 410 4.81 91 4.12 51 3.62 31
0.5 420 4.29 210 3.86 51 3.35 31 2.99 21
1.0 220 4.10 110 3.15 31 2.79 21 2.56 16




8
= -y, +10 y, (1-y,), y, (0)=1,y, (1) = 0.8523997,
7
= -10y,+3x10 'y, (1-y,), y,(0)=0,y,(1) = 0.1476001,
= e " ' = = -/ .
Yi-vhs ¥3(0)=0,y,(1) = 0.577308, ,~7
STEPS 1 5 : 10 20
- FEV SD JEV SD JEV SD JEV SD JEV
>5 | 100 | 4.93 50 | 4.94 19 | 4.94 15 | 4.9 13
5 60 | 4.56 30 | 4.57 15 | 4.58 13 | 4.60 12
40 | 4.12 20 | 4.14 13 | 4.16 12 | 4.16 12

results of the numerical experiments lead us to the following

lons:

the present section 72 numerical integrations are reported. In

- integrations the algorithm delivers a stable result, which,

e more, illustrates the excellent stability behaviour of

senbrock-type Runge-Kutta methods.

lerally, as to be expected, the accuracy decreases as soon as

+ Jacobian is kept fixed. For problems D1 and D2 this decrease
significant. On the other hand, the results obtained for

blems D3-D6 justify the conclusion that with respect to

putational efficiency the application of time-lagged Jacobians is
use in connection with a certain class of practical problems,

. problems for which the costs of J(y)-evaluations + LU-

'ompositions are dominating.

practice Rosenbrock algorithms are usually provided with step-

e and local error control [2,4,6,7,9,10,16]. To implement

le-lagged Jacobians in such algorithms in a successful way, it

necessary to have some detailed understanding of the non-linear-
of the problem and of the "non-linear behaviour" of the

egration formulas being used for step continuation and error




1:
timation. In the near future we intend to carry on our research in

is direction.
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